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require a novel biorthogonal theoretical approach34 with
biorthogonal bases32 and associated states. Since these
two kinds of DQPTs have different physical origins, it is a
natural question to ask: How can their differences be
revealed both theoretically and experimentally?
In this work, we elucidate the concept of self-normal

DQPTs under the framework of Hermitian quantum
mechanics and biorthogonal DQPTs under the framework of
non-Hermitian quantum mechanics. Specifically, we perform
a detailed analysis of these two types of DQPTs, presenting
their characteristics of the Loschmidt rate function, DTOPs,
and Fisher zeros in momentum space. Moreover, we carry
out our study in one-dimensional quantum walks (QWs),
which incorporate non-Hermiticity and exhibit distinct
topological phases in PT-symmetry-broken regions. We
investigate the dynamics following a sudden quench of the
controlling parameters, i.e., coin parameters θ1, θ2, in QWs.
Through numerical analysis of various physical observables,
we demonstrate that these two types of DQPTs exhibit dis-
tinct behaviors in one-dimensional non-Hermitian QWs.
Furthermore, we reveal the differences in critical momenta
and critical times between these two types of DQPTs within
PT-symmetry-unbroken regions. By contrast, if either the
post-quench Hamiltonian is in the PT-symmetry-broken
regions, the appearance of these two types of DQPTs is
not found.
To support the above theoretical results, we perform an

experiment that observes different types of DQPTs using
one-dimensional discrete-time QWs of single photons. In
particular, we simulate non-unitary quench dynamics of
PT-symmetric systems by introducing controllable pho-
ton loss. By reconstructing the time-evolved states
through measurements in position space, we evaluate
both the self-normal and biorthogonal Loschmidt rate
functions, as well as the corresponding DTOPs, to char-
acterize these two types of DQPTs.

Results
Self-normal and biorthogonal bases
Consider a split-step non-Hermitian QW governed by

the operator Û , whose effective Hamiltonian is Ĥ . For the
non-Hermitian QW system of Ûk in the momentum
space, the eigenvalue equations are given by

Ûk jφR
k;ωi ¼ μk;ωjφR

k;ωi; hφR
k;ωjÛ

y
k ¼ hφR

k;ωjμ�k;ω
Û
y
k jφL

k;ωi ¼ μ�k;ωjφL
k;ωi; hφL

k;ωjÛk ¼ hφL
k;ωjμk;ω

ð1Þ

where μk,ω are the eigenvalues in k space, jφR
k;ωi and jφL

k;ωi
are the right and left eigenvectors, respectively. Moreover,
ω =± denotes two energy bands for two-level systems.
Thus, based on the above equations, we can define two
separate classes of bases. Similarly to its Hermitian

counterpart, we establish self-normal bases using only
the right eigenstates as follows

jψR
k;ωi ¼

jφR
k;ωiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hφR
k;ωjφR

k;ωi
q ð2Þ

However, the self-normal bases are non-orthonormal, i.e.,P
ωjψR

k;ωihψR
k;ωj≠ I , due to the non-Hermiticity of systems

although each self-normal basis can be normalized
hψR

k;ωjψR
k;ω0 i ¼ δω;ω0 , independently. Alternatively, we can

define biorthogonal bases by combining both left
eigenstates and right eigenstates as follows

j~ψL
k;ωi ¼

jφL
k;ωiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hφR
k;ωjφL

k;ωi
p ; j~ψR

k;ωi ¼
jφR

k;ωiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hφL

k;ωjφR
k;ωi

p ð3Þ

Here the biorthogonal bases satisfy the completeness

relation
P

ωj~ψL
k;ωih~ψR

k;ωj ¼ I and the biorthonornal rela-

tion h~ψL
k;ωj~ψR

k;ω0 i ¼ δω;ω0 . Relying on these two frame-
works, two major approaches for investigating the DQPTs
of non-Hermitian systems have been derived: self-normal
DQPTs and biorthogonal DQPTs.

Self-normal dynamical quantum phase transitions
At t = 0, the system undergoes a sudden quench swit-

ched from Ĥ
i
to Ĥ

f
, which is governed by Û

f
. We initially

prepare the state in the ground state jΨR
k ð0Þi ¼ jψR;i

k;�i of
the initial effective Hamiltonian Ĥ

i
k . The translational

symmetry allows us to treat the dynamics of each state

jψR;i
k;�i in different quasimomentum k-sectors. Afterwards,

under the repeated operation of Û
f
k , the photon at the tth

step evolves to jΨR
k ðtÞi ¼ ðÛ

f
kÞ

t
jΨR

k ð0Þi ¼ e�iĤ
f
k t jψR;i

k;�i in
terms of individual momentum modes.

The overlap between jΨR
k ð0Þi and jΨR

k ðtÞi is char-
acterized by the self-normal Loschmidt echo (see Sec. S1A
of the Supplementary Material for more details)

LESðtÞ ¼
Y
k

jhΨR
k ð0ÞjΨR

k ðtÞij2
hΨR

k ðtÞjΨR
k ðtÞi

ð4Þ

where LAS
kðtÞ ¼ hΨR

k ð0ÞjΨR
k ðtÞi is the self-normal return

amplitude and hΨR
k ðtÞjΨR

k ðtÞi is the enforced normalized
factor to avoid the negative value of the self-normal
Loschmidt rate. When the Loschmidt echo in Eq. (4)
becomes zero, the self-normal DQPT occurs, correspond-
ing to non-analyticities in the self-normal Loschmidt rate
function. In the thermodynamic limit, the self-normal
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Abstract
Dynamical quantum phase transitions (DQPTs), characterized by non-analytic behavior in rate function and abrupt
changes in dynamic topological order parameters (DTOPs) over time, have garnered enormous attention in recent
decades. However, in non-Hermitian systems, the special biorthogonality of the bases makes the definition of DQPTs
complex. In this work, we delve into the comprehensive investigation of self-normal DQPTs (originally used in
Hermitian systems) to compare them with their biorthogonal counterpart, within the context of non-Hermitian
quantum walks (QWs). We present a detailed analysis of the behaviors of Loschmidt rate functions and DTOPs under
these two distinct theoretical approaches. While both self-normal and biorthogonal methods can be used to detect
DQPTs in quench dynamics between different topological phases, we theoretically present their differences in the
definition of critical momenta and critical times by analyzing the Fisher zeros and fixed points. Finally, we present an
experiment that observes both types of DQPTs using one-dimensional discrete-time QWs with single photons.

Introduction
Equilibrium phase transitions1,2 are typically char-

acterized by non-analyticities in free-energy density,
marked by the zeros of the partition function, which are
also known as Fisher zeros in the complex temperature or
magnetic field plane. When this idea is generalized to
nonequilibrium systems, the dynamical free-energy den-
sity becomes singular at certain critical times, indicating
the dynamical quantum phase transitions (DQPTs)3,4.
Over the past few decades, DQPTs have become a vast
interesting topic and have attracted significant attention.
The realm of DQPTs is extended from free fermion
models5 to interacting systems6,7 as well as bosonic sys-
tems8,9. In the context of Floquet driving10, Fisher zeros
exhibit intriguing profiles11. DQPTs are extensively stu-
died in the context of quantum information theoretic
measures, namely decoherence12. In particular, DQPTs
have been experimentally observed in various platforms
like trapped-ion13,14, nuclear magnetic resonance15,

Rydberg atoms16, ultracold atoms17, superconducting
qubits18, and photonic lattices19,20.
Previously, most studies on DQPTs have primarily

focused on closed Hermitian quantum systems governed
by unitary time evolution. At the critical time, DQPTs
occur when the time-evolved state jΨðtÞi becomes
orthogonal to the initial state jΨð0Þi, leading to the non-
analytical behavior in Loschmidt rate function21,22.
Besides, analogous to the order parameter in conventional
phase transitions, dynamic topological order parameters
(DTOPs)23,24 serve as physical observables for DQPTs.
These parameters, derived from the Pancharatnam geo-
metric phase25,26, provide insights into the topological
nature of DQPTs.
Recently, DQPTs in non-Hermitian systems with gain

and loss27,28, and therefore governed by non-unitary
evolution, have been extensively studied both theoreti-
cally23,29,30 and experimentally20,31. However, defining the
Loschmidt echo or DTOPs poses significant challenges
due to the special biorthogonality between the left and
right eigenstates of the non-Hermitian Hamiltonian. Early
efforts employed self-normalized bases32 to describe non-
Hermitian DQPTs, often enforcing a normalization fac-
tor33 while ignoring biorthogonality. Very recently, it has
been shown that DQPTs in non-Hermitian systems
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require a novel biorthogonal theoretical approach34 with
biorthogonal bases32 and associated states. Since these
two kinds of DQPTs have different physical origins, it is a
natural question to ask: How can their differences be
revealed both theoretically and experimentally?
In this work, we elucidate the concept of self-normal

DQPTs under the framework of Hermitian quantum
mechanics and biorthogonal DQPTs under the framework of
non-Hermitian quantum mechanics. Specifically, we perform
a detailed analysis of these two types of DQPTs, presenting
their characteristics of the Loschmidt rate function, DTOPs,
and Fisher zeros in momentum space. Moreover, we carry
out our study in one-dimensional quantum walks (QWs),
which incorporate non-Hermiticity and exhibit distinct
topological phases in PT-symmetry-broken regions. We
investigate the dynamics following a sudden quench of the
controlling parameters, i.e., coin parameters θ1, θ2, in QWs.
Through numerical analysis of various physical observables,
we demonstrate that these two types of DQPTs exhibit dis-
tinct behaviors in one-dimensional non-Hermitian QWs.
Furthermore, we reveal the differences in critical momenta
and critical times between these two types of DQPTs within
PT-symmetry-unbroken regions. By contrast, if either the
post-quench Hamiltonian is in the PT-symmetry-broken
regions, the appearance of these two types of DQPTs is
not found.
To support the above theoretical results, we perform an

experiment that observes different types of DQPTs using
one-dimensional discrete-time QWs of single photons. In
particular, we simulate non-unitary quench dynamics of
PT-symmetric systems by introducing controllable pho-
ton loss. By reconstructing the time-evolved states
through measurements in position space, we evaluate
both the self-normal and biorthogonal Loschmidt rate
functions, as well as the corresponding DTOPs, to char-
acterize these two types of DQPTs.

Results
Self-normal and biorthogonal bases
Consider a split-step non-Hermitian QW governed by

the operator Û , whose effective Hamiltonian is Ĥ . For the
non-Hermitian QW system of Ûk in the momentum
space, the eigenvalue equations are given by

Ûk jφR
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k;ωjÛk ¼ hφL
k;ωjμk;ω
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where μk,ω are the eigenvalues in k space, jφR
k;ωi and jφL

k;ωi
are the right and left eigenvectors, respectively. Moreover,
ω =± denotes two energy bands for two-level systems.
Thus, based on the above equations, we can define two
separate classes of bases. Similarly to its Hermitian

counterpart, we establish self-normal bases using only
the right eigenstates as follows

jψR
k;ωi ¼

jφR
k;ωiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hφR
k;ωjφR

k;ωi
q ð2Þ

However, the self-normal bases are non-orthonormal, i.e.,P
ωjψR

k;ωihψR
k;ωj≠ I , due to the non-Hermiticity of systems

although each self-normal basis can be normalized
hψR

k;ωjψR
k;ω0 i ¼ δω;ω0 , independently. Alternatively, we can

define biorthogonal bases by combining both left
eigenstates and right eigenstates as follows
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Here the biorthogonal bases satisfy the completeness

relation
P

ωj~ψL
k;ωih~ψR

k;ωj ¼ I and the biorthonornal rela-

tion h~ψL
k;ωj~ψR

k;ω0 i ¼ δω;ω0 . Relying on these two frame-
works, two major approaches for investigating the DQPTs
of non-Hermitian systems have been derived: self-normal
DQPTs and biorthogonal DQPTs.

Self-normal dynamical quantum phase transitions
At t = 0, the system undergoes a sudden quench swit-
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, which is governed by Û
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. We initially

prepare the state in the ground state jΨR
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i
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The overlap between jΨR
k ð0Þi and jΨR
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acterized by the self-normal Loschmidt echo (see Sec. S1A
of the Supplementary Material for more details)
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where LAS
kðtÞ ¼ hΨR

k ð0ÞjΨR
k ðtÞi is the self-normal return

amplitude and hΨR
k ðtÞjΨR

k ðtÞi is the enforced normalized
factor to avoid the negative value of the self-normal
Loschmidt rate. When the Loschmidt echo in Eq. (4)
becomes zero, the self-normal DQPT occurs, correspond-
ing to non-analyticities in the self-normal Loschmidt rate
function. In the thermodynamic limit, the self-normal
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Introduction
Equilibrium phase transitions1,2 are typically char-

acterized by non-analyticities in free-energy density,
marked by the zeros of the partition function, which are
also known as Fisher zeros in the complex temperature or
magnetic field plane. When this idea is generalized to
nonequilibrium systems, the dynamical free-energy den-
sity becomes singular at certain critical times, indicating
the dynamical quantum phase transitions (DQPTs)3,4.
Over the past few decades, DQPTs have become a vast
interesting topic and have attracted significant attention.
The realm of DQPTs is extended from free fermion
models5 to interacting systems6,7 as well as bosonic sys-
tems8,9. In the context of Floquet driving10, Fisher zeros
exhibit intriguing profiles11. DQPTs are extensively stu-
died in the context of quantum information theoretic
measures, namely decoherence12. In particular, DQPTs
have been experimentally observed in various platforms
like trapped-ion13,14, nuclear magnetic resonance15,

Rydberg atoms16, ultracold atoms17, superconducting
qubits18, and photonic lattices19,20.
Previously, most studies on DQPTs have primarily

focused on closed Hermitian quantum systems governed
by unitary time evolution. At the critical time, DQPTs
occur when the time-evolved state jΨðtÞi becomes
orthogonal to the initial state jΨð0Þi, leading to the non-
analytical behavior in Loschmidt rate function21,22.
Besides, analogous to the order parameter in conventional
phase transitions, dynamic topological order parameters
(DTOPs)23,24 serve as physical observables for DQPTs.
These parameters, derived from the Pancharatnam geo-
metric phase25,26, provide insights into the topological
nature of DQPTs.
Recently, DQPTs in non-Hermitian systems with gain

and loss27,28, and therefore governed by non-unitary
evolution, have been extensively studied both theoreti-
cally23,29,30 and experimentally20,31. However, defining the
Loschmidt echo or DTOPs poses significant challenges
due to the special biorthogonality between the left and
right eigenstates of the non-Hermitian Hamiltonian. Early
efforts employed self-normalized bases32 to describe non-
Hermitian DQPTs, often enforcing a normalization fac-
tor33 while ignoring biorthogonality. Very recently, it has
been shown that DQPTs in non-Hermitian systems
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where γ ¼ ð1� lÞ�1
4 is a tunable gain/loss parameter. The

coin operator R̂ðθÞ ¼Pxjxihxj � e�iθσ̂y rotates coin states

by θ around the y-axis, and the translation operator T̂ ¼P
xjxþ 1ihxj � jHihHj þ jx� 1ihxj � jV ihV j denotes a

translation to the right (left) by one lattice site depending
on the coin state Hj i ( Vj i). Here σ̂y ¼ ið�jHihV j þ
jV ihH jÞ is one of the Pauli operators. The loss operator

M̂ ¼Pxjxihxj � ðj þ ihþj þ
ffiffiffiffiffiffiffiffiffiffi
1� l
p j�ih � jÞ (j± i ¼

ðjHi± jV iÞ= ffiffiffi
2
p

) enforces mode-selective photon losses
with loss parameter l ∈ (0, 1]. The operator Û exists PT-

symmetry and satisfies the relation P̂T̂ ÛðP̂T̂Þ�1 ¼ Û
�1
,

where the symmetry operator is given by P̂T̂ ¼Pxj �
xihxj � σ̂zκ̂ with the complex conjugation operator κ̂.

The effective Hamiltonian is obtained from Û ¼ e�iĤ .
In the quasimomentum space, it can be presented as

Ĥk ¼
Z

dkEkn̂ � σ̂ � jkihkj ð13Þ

where σ̂ ¼ ðσ̂x; σ̂y; σ̂zÞ is the Pauli matrix vector, and the
unit vector n̂ ¼ ðn̂x; n̂y; n̂zÞ determines the spin eigenstate
at each quasienergy ±Ek. It is straightforward to check that
Ĥ possesses the chiral symmetry of the form σ̂xĤ σ̂x ¼
�Ĥ . From this perspective, the QW can exhibit

interesting topological properties, with winding numbers
defined as the count of times n̂ winds around the x-axis as
k varies through the first Brillouin zone42.
Due to the periodic implementation of Û , the quasie-

nergy acts as an accumulated phase for the eigenstate
after each step and has a periodicity of 2π43–45. To begin
with, upon applying the Fourier transform, the Floquet
operator Û in each k-sector can be formulated as

Ûk ¼ n0σ̂0 � in1σ̂x � in2σ̂y � in3σ̂z
n0 ¼ αðcosð2kÞ cos θ1 cos θ2 � sin θ1 sin θ2Þ
n1 ¼ iβ

n2 ¼ αðcosð2kÞ cos θ2 sin θ1 � cos θ1 sin θ2Þ
n3 ¼ �α sinð2kÞ cos θ2

ð14Þ

where α ¼ γð1þ ffiffiffiffiffiffiffiffiffiffi
1� l
p Þ=2, β ¼ γð1� ffiffiffiffiffiffiffiffiffiffi

1� l
p Þ=2, and

γ ¼ ð1� lÞ�1
4. The eigenvalues of Ûk are μk;± ¼ n0 �

i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n20

p
and the quasienergies are ±Ek= i lnðμk;± Þ.

When n20 < 1 for all k, the system is in the PT-symmetry-
unbroken region and the quasienergy is real. When n20 � 1
for some k, the system is in the PT-symmetry-broken
region and the quasienergy is imaginary. Therefore, we can
generalize the definition of winding number37

ν ¼ � 1
2π

X
ω¼±

Z 2π

0
dk
h~ψL

k;ωji∂k j~ψR
k;ωi

h~ψL
k;ωj~ψR

k;ωi
ð15Þ

Here the right (left) eigenvector is defined as Eq. (3) in
each k-sector. Winding numbers are also labeled in the
phase diagram to characterize different topological phases.
As illustrated in Fig. 1, we display the topological phase

diagram with distinct winding numbers by varying coin
parameters (θ1, θ2). In yellow and magenta regions, which
correspond to the winding number ν=− 2 and ν = 2,
respectively, indicating the system is topologically non-
trivial. However, for green regions, the system is topolo-
gically trivial with ν = 0. The boundaries between the PT-
symmetry-unbroken and PT-symmetry-broken regions
are marked by blue dashed lines, with the latter regions
bordering the topological phase boundaries.

Dynamics in the PT-symmetry-unbroken region
We aim to reveal the impacts of the two types of DQPTs

on the behaviors of various physical observables and
discuss the differences in critical times and critical
momenta in non-unitary QWs dynamics. Assumed that
the initial state is one of the eigenstates x ¼ 0j i � ψi

�
�� �

of
Û

i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ that

are in the PT-symmetry-unbroken region with νi = 0. We
then implement QWs governed by Û

f
with various coin

parameters ðθf1; θf2Þ.
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Fig. 1 Phase diagram. Phase diagram of a non-unitary QW in Eq. (12).
Topological phases are distinguished by the winding number ν as a
function of the coin parameters θ1 and θ2. The black lines denote the
topological phase boundaries, separating the parameter space into
three distinct phases (yellow, magenta and green). The blue dashed
lines represent the boundaries between PT-symmetry-unbroken and
PT-symmetry-broken regions. When Im[Ek] ≠ 0, it indicates that the PT-
symmetry-broken regions are located between the blue dashed lines
near the topological phase boundaries. ① denotes the coin

parameters of the initial Floquet operators Û
i
. ②-⑤ indicate the coin

parameters of different final Floquet operators Û
f
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Loschmidt rate function is given by

LRSðtÞ ¼ � 1
2π

Z 2π

0
dk ln½LES

kðtÞ� ð5Þ

Besides, a self-normal DQPT is expected when a line of
Fisher zeros zn,k (see Materials and Methods) crosses the
imaginary time axis at the momentum k ¼ kSc , yielding a
critical time tSn;c ¼ �izn;kSc . Here n denotes an integer.
On the other hand, the self-normal DQPTs are char-

acterized by each self-normal DTOP of νSmðtÞ, which is
defined through the Pancharatnam geometric phase
ϕS;G
k ðtÞ as

νSmðtÞ ¼
1
2π

Z kSmþ1

kSm

dk ∂kϕ
S;G
k ðtÞ

h i
ð6Þ

Here kSm ðm ¼ 1; 2; ¼ Þ are fixed points31,35 of the self-
normal DQPTs. While fixed points necessarily exist when

Û
i
and Û

f
have different winding numbers, kSc exists

between adjacent fixed points and leads to DQPTs. As a
result, νSmðtÞ exhibits abrupt jumps at the self-normal

DQPTs, which are associated with kSc 2 ðkSm; kSmþ1Þ. The
self-normal Pancharatnam geometric phase is given by

ϕS;G
k ðtÞ ¼ ϕS

kðtÞ � ϕS;dyn
k ðtÞ with the self-normal total

phase ϕS
kðtÞ and the self-normal dynamical phase

ϕS;dyn
k ðtÞ36 (Sec. S1A of the Supplementary Material).

For clarity, we summarize key self-normal physical
quantities in Table S1 of the Supplementary Material.

Biorthogonal dynamical quantum phase transitions
In terms of biorthogonal DQPTs, we prepare the initial

state in the biorthogonal ground state j ~ΨR
k ð0Þi ¼ j~ψR;i

k;�i.
Under the repeated operation of Û

f
k , the time evolution

state is given by the Schrödinger equation j ~ΨR
k ðtÞi ¼

ðÛ f
kÞ

tj ~ΨR
k ð0Þi ¼ e�iĤ

f
k tj~ψR;i

k;�i in momentum space. How-

ever, the direct generalization j ~Ψ L
kðtÞi may lead to

unreasonable complex probabilities. To reconcile the
negative transition probability, the associated state is

introduced. For the evolved state j ~ΨR
k ðtÞi, its associated

state j ~ΨL
kðtÞi is defined according to the following rela-

tion32

j ~ΨR
k ðtÞi ¼ ck;þðtÞj~ψR;i

k;þi þ ck;�ðtÞj~ψR;i
k;�i

m
j ~Ψ L

kðtÞi ¼ ck;þðtÞj~ψL;i
k;þi þ ck;�ðtÞj~ψL;i

k;�i
ð7Þ

where ck;þðtÞ ¼ h~ψL;i
k;þj ~Ψ

R
k ðtÞi and ck;�ðtÞ ¼ h~ψL;i

k;�j ~Ψ
R
k ðtÞi

(Sec. S1B of the Supplementary Material). The dual
evolved state h ~ΨR

k ðtÞj and its associated state h ~ΨL
kðtÞj are

defined as follows:

h ~ΨR
k ðtÞj ¼ h~ψR;i

k;þjc�k;þðtÞ þ h~ψR;i
k;�jc�k;�ðtÞ

h ~ΨL
kðtÞj ¼ h~ψL;i

k;þjc�k;þðtÞ þ h~ψL;i
k;�jc�k;�ðtÞ

ð8Þ

Through Eq. (7) and Eq. (8), the biorthogonal Loschmidt
echo is given by LEBðtÞ ¼QkLE

B
k ðtÞ with (details are

given in Sec. S1B of the Supplementary Material)

LEB
k ðtÞ ¼

h ~Ψ L
kð0Þj ~Ψ

R
k ðtÞih ~Ψ

L
kðtÞj ~Ψ

R
k ð0Þi

h ~ΨL
kðtÞj ~Ψ

R
k ðtÞi

ð9Þ

In the thermodynamic limit, the biorthogonal rate
function of the Loschmidt echo is given by

LRBðtÞ ¼ � 1
2π

Z 2π

0
dk ln LEB

k ðtÞ
� � ð10Þ

The non-analyticities in the biorthogonal rate function
appear when a line of biorthogonal Fisher zeros (see
Materials and Methods) crosses the imaginary time axis at
momentum k ¼ kBc , resulting in a critical time tBn;c ¼ �izn;kBc ,
satisfying Re½zn;kBc � ¼ 0. Here n denotes the integer numbers.
Similar to the DTOP in Hermitian systems, the bior-

thogonal DTOP of νBmðtÞ is defined as

νBmðtÞ ¼
1
2π

Z kBmþ1

kBm

dk ∂kϕ
B;G
k ðtÞ

h i
ð11Þ

Here kBm ðm ¼ 1; 2; ¼ Þ are fixed points of the biorthogonal
DQPTs. As a result, νBmðtÞ exhibits abrupt jumps at the
biorthogonal DQPTs associated with kBc 2 ðkBm; kBmþ1Þ. The
biorthogonal geometric phase of the return amplitude is
given by ϕB;G

k ðtÞ ¼ ϕB
k ðtÞ � ϕB;dyn

k ðtÞ with the biorthogonal
total phase ϕB

k ðtÞ and the biorthogonal dynamical phase
ϕB;dyn
k ðtÞ (Sec. S1B of the Supplementary Material). For

clarity, we summarize key biorthogonal physical quantities in
Table S1 of the Supplementary Material.

Split-step quantum walks
We investigate DQPTs under a quench dynamics using

split-step QWs20,31,37–41 on one-dimensional homo-
geneous lattice L (L ∈ Z). The dynamics is governed by
the non-unitary topological Floquet operator

Û ¼ γR̂
θ1
2

� �
T̂ R̂

θ2
2

� �
M̂R̂

θ2
2

� �
T̂ R̂

θ1
2

� �
ð12Þ
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where γ ¼ ð1� lÞ�1
4 is a tunable gain/loss parameter. The

coin operator R̂ðθÞ ¼Pxjxihxj � e�iθσ̂y rotates coin states

by θ around the y-axis, and the translation operator T̂ ¼P
xjxþ 1ihxj � jHihHj þ jx� 1ihxj � jV ihV j denotes a

translation to the right (left) by one lattice site depending
on the coin state Hj i ( Vj i). Here σ̂y ¼ ið�jHihV j þ
jV ihH jÞ is one of the Pauli operators. The loss operator

M̂ ¼Pxjxihxj � ðj þ ihþj þ
ffiffiffiffiffiffiffiffiffiffi
1� l
p j�ih � jÞ (j± i ¼

ðjHi± jV iÞ= ffiffiffi
2
p

) enforces mode-selective photon losses
with loss parameter l ∈ (0, 1]. The operator Û exists PT-

symmetry and satisfies the relation P̂T̂ ÛðP̂T̂Þ�1 ¼ Û
�1
,

where the symmetry operator is given by P̂T̂ ¼Pxj �
xihxj � σ̂zκ̂ with the complex conjugation operator κ̂.

The effective Hamiltonian is obtained from Û ¼ e�iĤ .
In the quasimomentum space, it can be presented as

Ĥk ¼
Z

dkEkn̂ � σ̂ � jkihkj ð13Þ

where σ̂ ¼ ðσ̂x; σ̂y; σ̂zÞ is the Pauli matrix vector, and the
unit vector n̂ ¼ ðn̂x; n̂y; n̂zÞ determines the spin eigenstate
at each quasienergy ±Ek. It is straightforward to check that
Ĥ possesses the chiral symmetry of the form σ̂xĤ σ̂x ¼
�Ĥ . From this perspective, the QW can exhibit

interesting topological properties, with winding numbers
defined as the count of times n̂ winds around the x-axis as
k varies through the first Brillouin zone42.
Due to the periodic implementation of Û , the quasie-

nergy acts as an accumulated phase for the eigenstate
after each step and has a periodicity of 2π43–45. To begin
with, upon applying the Fourier transform, the Floquet
operator Û in each k-sector can be formulated as

Ûk ¼ n0σ̂0 � in1σ̂x � in2σ̂y � in3σ̂z
n0 ¼ αðcosð2kÞ cos θ1 cos θ2 � sin θ1 sin θ2Þ
n1 ¼ iβ

n2 ¼ αðcosð2kÞ cos θ2 sin θ1 � cos θ1 sin θ2Þ
n3 ¼ �α sinð2kÞ cos θ2

ð14Þ

where α ¼ γð1þ ffiffiffiffiffiffiffiffiffiffi
1� l
p Þ=2, β ¼ γð1� ffiffiffiffiffiffiffiffiffiffi

1� l
p Þ=2, and

γ ¼ ð1� lÞ�1
4. The eigenvalues of Ûk are μk;± ¼ n0 �

i
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n20

p
and the quasienergies are ±Ek= i lnðμk;± Þ.

When n20 < 1 for all k, the system is in the PT-symmetry-
unbroken region and the quasienergy is real. When n20 � 1
for some k, the system is in the PT-symmetry-broken
region and the quasienergy is imaginary. Therefore, we can
generalize the definition of winding number37

ν ¼ � 1
2π

X
ω¼±

Z 2π

0
dk
h~ψL

k;ωji∂k j~ψR
k;ωi

h~ψL
k;ωj~ψR

k;ωi
ð15Þ

Here the right (left) eigenvector is defined as Eq. (3) in
each k-sector. Winding numbers are also labeled in the
phase diagram to characterize different topological phases.
As illustrated in Fig. 1, we display the topological phase

diagram with distinct winding numbers by varying coin
parameters (θ1, θ2). In yellow and magenta regions, which
correspond to the winding number ν=− 2 and ν = 2,
respectively, indicating the system is topologically non-
trivial. However, for green regions, the system is topolo-
gically trivial with ν = 0. The boundaries between the PT-
symmetry-unbroken and PT-symmetry-broken regions
are marked by blue dashed lines, with the latter regions
bordering the topological phase boundaries.

Dynamics in the PT-symmetry-unbroken region
We aim to reveal the impacts of the two types of DQPTs

on the behaviors of various physical observables and
discuss the differences in critical times and critical
momenta in non-unitary QWs dynamics. Assumed that
the initial state is one of the eigenstates x ¼ 0j i � ψi

�
�� �

of
Û

i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ that

are in the PT-symmetry-unbroken region with νi = 0. We
then implement QWs governed by Û

f
with various coin

parameters ðθf1; θf2Þ.

-2

5
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Fig. 1 Phase diagram. Phase diagram of a non-unitary QW in Eq. (12).
Topological phases are distinguished by the winding number ν as a
function of the coin parameters θ1 and θ2. The black lines denote the
topological phase boundaries, separating the parameter space into
three distinct phases (yellow, magenta and green). The blue dashed
lines represent the boundaries between PT-symmetry-unbroken and
PT-symmetry-broken regions. When Im[Ek] ≠ 0, it indicates that the PT-
symmetry-broken regions are located between the blue dashed lines
near the topological phase boundaries. ① denotes the coin

parameters of the initial Floquet operators Û
i
. ②-⑤ indicate the coin

parameters of different final Floquet operators Û
f
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Loschmidt rate function is given by

LRSðtÞ ¼ � 1
2π

Z 2π

0
dk ln½LES

kðtÞ� ð5Þ

Besides, a self-normal DQPT is expected when a line of
Fisher zeros zn,k (see Materials and Methods) crosses the
imaginary time axis at the momentum k ¼ kSc , yielding a
critical time tSn;c ¼ �izn;kSc . Here n denotes an integer.
On the other hand, the self-normal DQPTs are char-

acterized by each self-normal DTOP of νSmðtÞ, which is
defined through the Pancharatnam geometric phase
ϕS;G
k ðtÞ as

νSmðtÞ ¼
1
2π

Z kSmþ1

kSm

dk ∂kϕ
S;G
k ðtÞ

h i
ð6Þ

Here kSm ðm ¼ 1; 2; ¼ Þ are fixed points31,35 of the self-
normal DQPTs. While fixed points necessarily exist when

Û
i
and Û

f
have different winding numbers, kSc exists

between adjacent fixed points and leads to DQPTs. As a
result, νSmðtÞ exhibits abrupt jumps at the self-normal

DQPTs, which are associated with kSc 2 ðkSm; kSmþ1Þ. The
self-normal Pancharatnam geometric phase is given by

ϕS;G
k ðtÞ ¼ ϕS

kðtÞ � ϕS;dyn
k ðtÞ with the self-normal total

phase ϕS
kðtÞ and the self-normal dynamical phase

ϕS;dyn
k ðtÞ36 (Sec. S1A of the Supplementary Material).

For clarity, we summarize key self-normal physical
quantities in Table S1 of the Supplementary Material.

Biorthogonal dynamical quantum phase transitions
In terms of biorthogonal DQPTs, we prepare the initial

state in the biorthogonal ground state j ~ΨR
k ð0Þi ¼ j~ψR;i

k;�i.
Under the repeated operation of Û

f
k , the time evolution

state is given by the Schrödinger equation j ~ΨR
k ðtÞi ¼

ðÛ f
kÞ

tj ~ΨR
k ð0Þi ¼ e�iĤ

f
k tj~ψR;i

k;�i in momentum space. How-

ever, the direct generalization j ~Ψ L
kðtÞi may lead to

unreasonable complex probabilities. To reconcile the
negative transition probability, the associated state is

introduced. For the evolved state j ~ΨR
k ðtÞi, its associated

state j ~ΨL
kðtÞi is defined according to the following rela-

tion32

j ~ΨR
k ðtÞi ¼ ck;þðtÞj~ψR;i

k;þi þ ck;�ðtÞj~ψR;i
k;�i

m
j ~Ψ L

kðtÞi ¼ ck;þðtÞj~ψL;i
k;þi þ ck;�ðtÞj~ψL;i

k;�i
ð7Þ

where ck;þðtÞ ¼ h~ψL;i
k;þj ~Ψ

R
k ðtÞi and ck;�ðtÞ ¼ h~ψL;i

k;�j ~Ψ
R
k ðtÞi

(Sec. S1B of the Supplementary Material). The dual
evolved state h ~ΨR

k ðtÞj and its associated state h ~ΨL
kðtÞj are

defined as follows:

h ~ΨR
k ðtÞj ¼ h~ψR;i

k;þjc�k;þðtÞ þ h~ψR;i
k;�jc�k;�ðtÞ

h ~ΨL
kðtÞj ¼ h~ψL;i

k;þjc�k;þðtÞ þ h~ψL;i
k;�jc�k;�ðtÞ

ð8Þ

Through Eq. (7) and Eq. (8), the biorthogonal Loschmidt
echo is given by LEBðtÞ ¼QkLE

B
k ðtÞ with (details are

given in Sec. S1B of the Supplementary Material)

LEB
k ðtÞ ¼

h ~Ψ L
kð0Þj ~Ψ

R
k ðtÞih ~Ψ

L
kðtÞj ~Ψ

R
k ð0Þi

h ~ΨL
kðtÞj ~Ψ

R
k ðtÞi

ð9Þ

In the thermodynamic limit, the biorthogonal rate
function of the Loschmidt echo is given by

LRBðtÞ ¼ � 1
2π

Z 2π

0
dk ln LEB

k ðtÞ
� � ð10Þ

The non-analyticities in the biorthogonal rate function
appear when a line of biorthogonal Fisher zeros (see
Materials and Methods) crosses the imaginary time axis at
momentum k ¼ kBc , resulting in a critical time tBn;c ¼ �izn;kBc ,
satisfying Re½zn;kBc � ¼ 0. Here n denotes the integer numbers.
Similar to the DTOP in Hermitian systems, the bior-

thogonal DTOP of νBmðtÞ is defined as

νBmðtÞ ¼
1
2π

Z kBmþ1

kBm

dk ∂kϕ
B;G
k ðtÞ

h i
ð11Þ

Here kBm ðm ¼ 1; 2; ¼ Þ are fixed points of the biorthogonal
DQPTs. As a result, νBmðtÞ exhibits abrupt jumps at the
biorthogonal DQPTs associated with kBc 2 ðkBm; kBmþ1Þ. The
biorthogonal geometric phase of the return amplitude is
given by ϕB;G

k ðtÞ ¼ ϕB
k ðtÞ � ϕB;dyn

k ðtÞ with the biorthogonal
total phase ϕB

k ðtÞ and the biorthogonal dynamical phase
ϕB;dyn
k ðtÞ (Sec. S1B of the Supplementary Material). For

clarity, we summarize key biorthogonal physical quantities in
Table S1 of the Supplementary Material.

Split-step quantum walks
We investigate DQPTs under a quench dynamics using

split-step QWs20,31,37–41 on one-dimensional homo-
geneous lattice L (L ∈ Z). The dynamics is governed by
the non-unitary topological Floquet operator

Û ¼ γR̂
θ1
2

� �
T̂ R̂

θ2
2

� �
M̂R̂

θ2
2

� �
T̂ R̂

θ1
2

� �
ð12Þ
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indicate the absence of DQPTs, when Û
i
and Û

f
have the

same winding numbers.
In order to understand the absence of DQPTs, we

analyze the fixed points separately. As shown in Fig. 3d,
there exist only nine fixed points of the same type at
aSk;þ ¼ 0, and hence no critical time for self-normal
DQPTs. In Fig. 3h, there are five fixed points of the same
kind at aBk;þ ¼ 0, and hence no critical time for biortho-
gonal DQPTs. The per- and post-quench systems are in
the same phase, no signature of DQPTs is observed.
Although the pre- and post-quench systems are in the
same phase with no observed signatures of DQPTs, we
still identify distinct behaviors of the two types of DQPTs
from the perspective of physical quantities.

Dynamics in the PT-symmetry-broken region
So far, we focus on the distinctions of these two types of

DQPTs of critical points in PT-symmetry-unbroken
regions. However, it is also necessary to detect the dif-
ferences between self-normal DQPTs and biorthogonal
DQPTs in PT-symmetry-broken regions. To this end, we
consider the sudden quench process to Û

f
belonging to

the PT-symmetry-broken regions.
In the third case study, the QWs are governed by the

final Floquet operator ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ with
ξ ¼ arccosð1=αÞ, which is in different from the

topological phase of the initial state. As shown in Fig. 4a,
b, the self-normal Loschmidt rate and biorthogonal
Loschmidt rate are both smooth in time, which corre-
spond to self-normal DTOPs νSmðtÞ and biorthogonal
DTOPs νBmðtÞ remain zero in Fig. 4c, d, indicating the
absence of DQPTs. In the fourth case study, the QWs are
governed by the final Floquet operator Uf with (θ1= − (π
− ξ)/2, θ2 = π/2), which is in the same topological phase
as the initial state. As shown in Fig. 5a, b, the self-normal
Loschmidt rate and biorthogonal Loschmidt rate are both
smooth in time, corresponding to DTOPs of νSmðtÞ and
νBmðtÞ remain zero in Fig. 5c, d, indicating the absence of
DQPTs.
These phenomena demonstrate that both types of

DQPTs are absent in the PT-symmetry-broken regions,
regardless of the quenching protocol employed. When Ĥf

is in the PT-symmetry-broken region, the corresponding
Ef
k becomes imaginary for a certain range of k, and the

existence of fixed points is no longer guaranteed35. More
detailed information can be found in Sec. S2 of the Sup-
plementary Material.

Experimental implementation
We perform an experiment to validate our theoretical

prediction regarding the connection between self-normal
and biorthogonal DQPTs. As illustrated in Fig. 6, we
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Fig. 3 Self-normal and biorthogonal DQPTs during a quench between the same topological phases in the PT-symmetry-unbroken region.
Loschmidt rate of LR(t) as a function of time in non-unitary QWs with self-normal bases (a) and biorthogonal bases (e), respectively. DTOPs of νm(t) as
a function of time in non-unitary QWs for b with self-normal bases and f biorthogonal bases, respectively. Real and imaginary parts of lines of Fisher
zeros zn,k (n = 0, 1, 2, 3) with self-normal bases (c) and with biorthogonal bases (g), respectively. d ASk ¼ aSk;þ � aSk;� as a function of k, where self-

normal fixed points are at kSm ¼ f0; 0:321; 1:251; π=2; πg with aSk;þ ¼ 0 (cyan). h ABk ¼ aBk;þ � aBk;� as a function of k, where biorthogonal fixed points

are at kBm ¼ f0; π=2; π; 2πg with aBk;þ ¼ 0 (deepskyblue). In all panels, the loss parameter is l = 0.5. The initial state of the QWs is x ¼ 0j i � ψi
�

�� �
of Û

i

with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and the QWs are governed by the final Floquet operator Û
f
with ðθf1 ¼ 0; θf2 ¼ �π=4Þ. All

quantities are unitless
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First, we consider Û
f
with the coin parameters ðθf1 ¼

�π=4; θf2 ¼ 0Þ. The QW is in the PT-symmetry-unbroken
region with νf =−2. In Fig. 2a, e, we plot self-normal
Loschmidt rate LRS(t) and biorthogonal Loschmidt rate
LRB(t) as a function of time t, respectively. It is obvious
that the self-normal rate functions exhibit four remark-
able peaks, which correspond to four self-normal DTOPs
[see Fig. 2b]. The biorthogonal rate functions exhibit two
remarkable peaks, which correspond to two biorthogonal
DTOPs [see Fig. 2f]. These peaks translate into the loga-
rithmic divergences in the thermodynamic limit. As
shown in Fig. 2c, we see that each line of Fisher zeros zSn;k
for n = 0, 1, 2, 3 has two unique crosses on the imaginary
axis, yielding two critical times tSn;c of self-normal DQPTs.
However, in Fig. 2g, each line of Fisher zeros zBn;k for n
= 0, 1, 2, 3 has a unique cross on the imaginary axis,
yielding a critical time tBn;c of biorthogonal DQPTs. The
existence of the two types of DQPTs is indicated by all the
aforementioned behaviors.
To reveal these critical points of the two kinds of

DQPTs, we analyze the fixed points separately. As shown
in Fig. 2d, there are four critical momenta at kSc ¼

f0:965; 2:517; 4:107; 5:659g satisfying aS
kSc ;þ
¼ aS

kSc ;�
between two different kinds of fixed points. Importantly,
Ef
kSc

is degenerate. Hence, there are only two critical time
scalings of self-normal DQPTs. In Fig. 2h, there are four
critical momenta at kBc ¼ f0:765; 2:377; 3:907; 5:518g
satisfying aB

kBc ;þ
¼ aB

kBc ;�
. However, Ef

kBc
is degenerate at all

kBc . Hence, there is only one critical time scaling of bior-
thogonal DQPTs. We point out that these two types of
DQPTs exist distinct critical points in the PT-symmetry-
unbroken region. It appears that the biorthogonal method
has helped to preserve the system’s symmetry.
Second, for comparison, we fix the same initial coin

state of Û
i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼

�π=2Þ and change the final Floquet operator Û
f
with

ðθf1 ¼ 0; θf2 ¼ �π=4Þ, where the quench dynamics is
between Floquet topological phases with νi = 0 and νf = 0.
As shown in Fig. 3a, e, the self-normal Loschmidt rate and
biorthogonal Loschmidt rate are both smooth in time.
The self-normal DTOPs νSmðtÞ and biorthogonal DTOPs
νBmðtÞ remain zero in Fig. 3b, f. In addition, each line of
Fisher zeros has no crossings on the imaginary time axis
as shown in Fig. 3c, g. These behaviors described above
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panels, the loss parameter is l = 0.5. The initial state of the QWs is x ¼ 0j i � ψi
�

�� �
of Û

i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and the

QWs are governed by the final Floquet operator Û
f
with ðθf1 ¼ �π=4; θf2 ¼ 0Þ. All quantities are unitless

Zhang et al. Light: Science & Applications ���������(2025)�14:253� Page 5 of 11



Light Sci Appl | 2025 | Vol 14 | Issue 9 |  2679 LSA

indicate the absence of DQPTs, when Û
i
and Û

f
have the

same winding numbers.
In order to understand the absence of DQPTs, we

analyze the fixed points separately. As shown in Fig. 3d,
there exist only nine fixed points of the same type at
aSk;þ ¼ 0, and hence no critical time for self-normal
DQPTs. In Fig. 3h, there are five fixed points of the same
kind at aBk;þ ¼ 0, and hence no critical time for biortho-
gonal DQPTs. The per- and post-quench systems are in
the same phase, no signature of DQPTs is observed.
Although the pre- and post-quench systems are in the
same phase with no observed signatures of DQPTs, we
still identify distinct behaviors of the two types of DQPTs
from the perspective of physical quantities.

Dynamics in the PT-symmetry-broken region
So far, we focus on the distinctions of these two types of

DQPTs of critical points in PT-symmetry-unbroken
regions. However, it is also necessary to detect the dif-
ferences between self-normal DQPTs and biorthogonal
DQPTs in PT-symmetry-broken regions. To this end, we
consider the sudden quench process to Û

f
belonging to

the PT-symmetry-broken regions.
In the third case study, the QWs are governed by the

final Floquet operator ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ with
ξ ¼ arccosð1=αÞ, which is in different from the

topological phase of the initial state. As shown in Fig. 4a,
b, the self-normal Loschmidt rate and biorthogonal
Loschmidt rate are both smooth in time, which corre-
spond to self-normal DTOPs νSmðtÞ and biorthogonal
DTOPs νBmðtÞ remain zero in Fig. 4c, d, indicating the
absence of DQPTs. In the fourth case study, the QWs are
governed by the final Floquet operator Uf with (θ1= − (π
− ξ)/2, θ2 = π/2), which is in the same topological phase
as the initial state. As shown in Fig. 5a, b, the self-normal
Loschmidt rate and biorthogonal Loschmidt rate are both
smooth in time, corresponding to DTOPs of νSmðtÞ and
νBmðtÞ remain zero in Fig. 5c, d, indicating the absence of
DQPTs.
These phenomena demonstrate that both types of

DQPTs are absent in the PT-symmetry-broken regions,
regardless of the quenching protocol employed. When Ĥf

is in the PT-symmetry-broken region, the corresponding
Ef
k becomes imaginary for a certain range of k, and the

existence of fixed points is no longer guaranteed35. More
detailed information can be found in Sec. S2 of the Sup-
plementary Material.

Experimental implementation
We perform an experiment to validate our theoretical

prediction regarding the connection between self-normal
and biorthogonal DQPTs. As illustrated in Fig. 6, we
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are at kBm ¼ f0; π=2; π; 2πg with aBk;þ ¼ 0 (deepskyblue). In all panels, the loss parameter is l = 0.5. The initial state of the QWs is x ¼ 0j i � ψi
�

�� �
of Û

i

with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and the QWs are governed by the final Floquet operator Û
f
with ðθf1 ¼ 0; θf2 ¼ �π=4Þ. All

quantities are unitless
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First, we consider Û
f
with the coin parameters ðθf1 ¼

�π=4; θf2 ¼ 0Þ. The QW is in the PT-symmetry-unbroken
region with νf =−2. In Fig. 2a, e, we plot self-normal
Loschmidt rate LRS(t) and biorthogonal Loschmidt rate
LRB(t) as a function of time t, respectively. It is obvious
that the self-normal rate functions exhibit four remark-
able peaks, which correspond to four self-normal DTOPs
[see Fig. 2b]. The biorthogonal rate functions exhibit two
remarkable peaks, which correspond to two biorthogonal
DTOPs [see Fig. 2f]. These peaks translate into the loga-
rithmic divergences in the thermodynamic limit. As
shown in Fig. 2c, we see that each line of Fisher zeros zSn;k
for n = 0, 1, 2, 3 has two unique crosses on the imaginary
axis, yielding two critical times tSn;c of self-normal DQPTs.
However, in Fig. 2g, each line of Fisher zeros zBn;k for n
= 0, 1, 2, 3 has a unique cross on the imaginary axis,
yielding a critical time tBn;c of biorthogonal DQPTs. The
existence of the two types of DQPTs is indicated by all the
aforementioned behaviors.
To reveal these critical points of the two kinds of

DQPTs, we analyze the fixed points separately. As shown
in Fig. 2d, there are four critical momenta at kSc ¼

f0:965; 2:517; 4:107; 5:659g satisfying aS
kSc ;þ
¼ aS

kSc ;�
between two different kinds of fixed points. Importantly,
Ef
kSc

is degenerate. Hence, there are only two critical time
scalings of self-normal DQPTs. In Fig. 2h, there are four
critical momenta at kBc ¼ f0:765; 2:377; 3:907; 5:518g
satisfying aB

kBc ;þ
¼ aB

kBc ;�
. However, Ef

kBc
is degenerate at all

kBc . Hence, there is only one critical time scaling of bior-
thogonal DQPTs. We point out that these two types of
DQPTs exist distinct critical points in the PT-symmetry-
unbroken region. It appears that the biorthogonal method
has helped to preserve the system’s symmetry.
Second, for comparison, we fix the same initial coin

state of Û
i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼

�π=2Þ and change the final Floquet operator Û
f
with

ðθf1 ¼ 0; θf2 ¼ �π=4Þ, where the quench dynamics is
between Floquet topological phases with νi = 0 and νf = 0.
As shown in Fig. 3a, e, the self-normal Loschmidt rate and
biorthogonal Loschmidt rate are both smooth in time.
The self-normal DTOPs νSmðtÞ and biorthogonal DTOPs
νBmðtÞ remain zero in Fig. 3b, f. In addition, each line of
Fisher zeros has no crossings on the imaginary time axis
as shown in Fig. 3c, g. These behaviors described above
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(green), n = 1 (dark red), n= 2 (cyan), n = 3 (purple). g Real and imaginary parts of lines of biorthogonal Fisher zeros zBn;k with n = 0 (magenta), n = 1

(golden rod), n = 2 (dark green), n = 3 (deep skyblue). d ASk ¼ aSk;þ � aSk;� as a function of k, where self-normal fixed points are at kSm ¼
f0:189; π; 3:331; 2πg with aSkþ ¼ 0 (cyan) and kSm ¼ fπ=2; 1:761; 3π=2; 4:491g with aSk;� ¼ 0 (purple). h ABk ¼ aBk;þ � aBk;� as a function of k, where

biorthogonal fixed points are at kSm ¼ f0; π; 2πg with aBk;þ ¼ 0 (deepskyblue) and kSm ¼ f1:371; 1:766; 4:513; 4:908g with aBk;� ¼ 0 (darkgreen). In all

panels, the loss parameter is l = 0.5. The initial state of the QWs is x ¼ 0j i � ψi
�

�� �
of Û

i
with the coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and the

QWs are governed by the final Floquet operator Û
f
with ðθf1 ¼ �π=4; θf2 ¼ 0Þ. All quantities are unitless
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ρ(k, t), we obtain the non-Hermitian density matrix
~ρðk; tÞ ¼ j ~ΨR

k ðtÞih ~Ψ
L
kðtÞj as

~ρðk; tÞ ¼
ρðk; tÞPω¼±

~ψL;f
k;ωih~ψL;f

k;ω

���
���

Tr ρðk; tÞPω¼±
~ψL;f
k;ωih~ψL;f

k;ω

���
���

h i ð17Þ

We then obtain LEB
k ðtÞ ¼ Tr ½~ρðk; 0Þ~ρðk; tÞ�=Tr ½~ρðk; tÞ�.

By applying this result to Eq. (10), we obtain the
biorthogonal Loschmidt rate. Using the reconstructed
j~ψL;i

k;�i and j ~Ψ
R
k ðtÞi, we further determine the biorthogonal

DTOPs.
As shown in Fig. 7, we present the experimental results

for both self-normal and biorthogonal DQPTs under
different quench dynamics. Fixing the loss parameter at l
= 0.36, we first consider a quench from νi = 0 with ðθi1 ¼
π=4; θi2 ¼ �π=2Þ to νf = −2 with ðθf1 ¼ �π=3; θf2 ¼ π=5Þ
in the PT-symmetry-unbroken region. The corresponding
results are shown in Fig. 7a. The self-normal Loschmidt
rate and DTOPs exhibit two distinct critical times asso-
ciated with DQPTs, whereas the biorthogonal condition
shows only a single critical time. For comparison, we
characterize a quench between the same Floquet topolo-
gical phases with νi = νf = 0. Keeping the initial para-
meters unchanged, the evolution is governed by Uf with

ðθf1 ¼ �π=4; θf2 ¼ �5π=16Þ. As shown in Fig. 7b, the
Loschmidt rate remains smooth and the DTOPs stay at
zero, indicating the absence of DQPTs in both self-normal
and biorthogonal cases. We further investigate a quench
from νi = 0 with ðθi1 ¼ π=4; θi2 ¼ �π=2Þ to νf= −2 with

ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ in the PT-symmetry-
broken region. As shown in Fig. 7c, both the self-
normal and biorthogonal Loschmidt rates are smooth in
time and the corresponding DTOPs remain zero, which

all signals the absence of the DQPTs. All the experimental
results agree with their theoretical results, which infers
our theoretical predictions.

Discussion
In conclusion, based on the theoretical frameworks of

self-normal bases and biorthogonal bases, we have dis-
cussed the concepts of self-normal and biorthogonal
DQPTs on the non-unitary quench dynamics. To
understand these two kinds of DQPTs, we theoretically
investigate the rate functions, DTOPs, and Fisher zeros
under the distinct theoretical frameworks, respectively.
Our exploration focuses on the properties of these two
kinds of DQPTs in the one-dimensional non-Hermitian
QWs, which exist distinct topological phases in PT-
symmetry-unbroken regions.
Although the physical origins of these two kinds of

DQPTs are different, both of them can be found when the
system is quenched from distinct non-Hermitian topolo-
gical phases in the PT-symmetry-unbroken region. We
have shown that self-normal and biorthogonal DQPTs are
signified by the logarithmic divergence of the Loschmidt
rate functions at their critical times, corresponding to
integer jumps in the DTOPs. However, it appears that the
biorthogonal method has helped to preserve the system’s
symmetry in PT-symmetry-unbroken regions. This is also
an area that we need to explore further.
Furthermore, we have discussed how these two types of

DQPTs are distinguished by critical times on each line of
Fisher zeros and critical momenta with different fixed
points. We point out that the number and location of
critical momenta and critical times are different for these
two kinds of DQPTs. Finally, we present an experiment to
observe self-normal DQPTs and biorthogonal DQPTs via
discrete-time non-Hermitian QWs.

t = 1 

HWP

BBO

QWP

BD

PPBS

PBS

APD

Mirror

2
θ1)(

M

t = 4

M

H1

H2

T
M

22.5°22.5°

Measurement

State preparation
R

T

2
θ1)(R 2

θ2)(RR
2
θ2)(RR

Fig. 6 Experimental setup. Photons are generated via spontaneous parametric down conversion in a Type-I non-linear β-barium-borate (BBO)
crystal. The initial state is prepared by passing horizontally polarized photons, filtered by a polarizing beam splitter (PBS), through a half-wave plate

(HWP) and a quarter-wave plate (QWP) with certain setting angles. The conditional shift operation T̂ is implemented using a beam displacer (BD),

while the coin operator R̂ is realized by two HWPs. The non-unitary loss operator M̂ is implemented by introducing photon loss through a sandwich-
type configuration consisting of two HWPs and a partially polarizing beam splitter (PPBS). Two types of measurements, projective and interference-
based measurements, are performed to construct the evolved state before the photons are detected by avalanche photodiodes (APDs)
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encode the coin and position states into the polarization
and spatial modes of single photons, respectively. The
conditional shift operation T̂ is implemented using a
beam displacer (BD), which transmits vertically polarized
photons directly and shifts the horizontally polarized
photons by a lateral displacement. The coin operator R̂ is
realized by two half-wave plates (HWPs). At each step, the
non-unitary loss operator M̂ is implemented by a
sandwich-type setup involving two HWPs at 22.5∘ and a
partially polarizing beam splitter (PPBS). This setup
allows photons in the polarization state j � i to be
reflected with probability l, while the remaining photons
continue to evolve under the quantum-walk dynamics.
By changing the setting angles of the wave plates to

different (θ1, θ2), the non-unitary QW can be either in the
PT-symmetry-unbroken or PT-symmetry-broken regions.
To achieve the quench process, we initialize the state of
the dynamics in the eigenstate of the initial Hamiltonian
with the parameters of (θi1; θ

i
2). Without any time delay,

the system evolves under the final Hamiltonian with the
parameters of (θf1; θ

f
2).

Regarding the self-normal DQPTs, by changing the
setting angles of the wave plates, we prepare the initial

state on a pure state jψR;i
k;�i. Afterwards, we realize the

evolution process of Û
f
using the combination of different

optical components. By experimentally measuring
hψx2ðtÞjσ̂ jjψx2ðtÞi31, we reconstruct the density matrix of
the evolved state as

ρðk; tÞ ¼ jΨR
k ðtÞihΨR

k ðtÞj

¼ 1
2

P3
j¼0

P
x1;x2

e�ikðx1�x2Þhψx2ðtÞjσ̂ jjψx1ðtÞiσ̂ j

ð16Þ

Here, σ̂ j (j= 0, x, y, z) denote the Pauli matrix, and jψxi is
the coin state on site x at the tth step. We then obtain
LES

kðtÞ ¼ Tr ½ρðk; 0Þρðk; tÞ�=Tr ½ρðk; tÞ�. By applying this
result to Eq. (5), we derive the self-normal Loschmidt rate.
The vectors of the evolved state jΨR

k ðtÞi can also be
extracted from the reconstructed density matrix ρ(k, t).
This allows us to determine the self-normal DTOPs (see
Sec. S3 of the Supplementary Material).
In the context of biorthogonal DQPTs, we reconstruct

both the right and left eigenstates, j~ψR;i
k;�i and j~ψL;i

k;�i, of the
initial Hamiltonian. Using the experimentally measured
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f
with ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ. All

quantities are unitless

a

d

bquench

0 1 2 3 4
0

0.2

0.4

0.6
1 5

Self-normal bases

t
0 1 2 3 4

0

0.2

0.4

0.6
Biorthogonal bases

0 1 2 3 4
–2

–1

0

1

2

t
0 1 2 3 4

–2

–1

0

1

2

t

t

c

LR
S
(t

)

LR
B
(t

)

S ν m
(t

 )

B ν m
(t

 )

Fig. 5 Self-normal and biorthogonal DQPTs during a quench
between the same topological phases in the PT-symmetry-
broken region. Loschmidt rate of LR(t) as a function of time in non-
unitary QWs with self-normal bases (a) and with biorthogonal bases
(b), respectively. DTOPs of ν(t) as a function of time in non-unitary
QWs for c with self-normal bases and d biorthogonal bases,

respectively. In all panels, l = 0.5, ξ ¼ arccosð1=αÞ and α ¼
1þ ffiffiffiffiffiffiffiffiffiffi

1� l
p� �

= 2
ffiffiffiffiffiffiffiffiffiffi
1� l4
p� �

. The initial state of the QWs is x ¼ 0j i �
ψi
�

�� �
of Û
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ρ(k, t), we obtain the non-Hermitian density matrix
~ρðk; tÞ ¼ j ~ΨR

k ðtÞih ~Ψ
L
kðtÞj as

~ρðk; tÞ ¼
ρðk; tÞPω¼±

~ψL;f
k;ωih~ψL;f

k;ω

���
���

Tr ρðk; tÞPω¼±
~ψL;f
k;ωih~ψL;f

k;ω

���
���

h i ð17Þ

We then obtain LEB
k ðtÞ ¼ Tr ½~ρðk; 0Þ~ρðk; tÞ�=Tr ½~ρðk; tÞ�.

By applying this result to Eq. (10), we obtain the
biorthogonal Loschmidt rate. Using the reconstructed
j~ψL;i

k;�i and j ~Ψ
R
k ðtÞi, we further determine the biorthogonal

DTOPs.
As shown in Fig. 7, we present the experimental results

for both self-normal and biorthogonal DQPTs under
different quench dynamics. Fixing the loss parameter at l
= 0.36, we first consider a quench from νi = 0 with ðθi1 ¼
π=4; θi2 ¼ �π=2Þ to νf = −2 with ðθf1 ¼ �π=3; θf2 ¼ π=5Þ
in the PT-symmetry-unbroken region. The corresponding
results are shown in Fig. 7a. The self-normal Loschmidt
rate and DTOPs exhibit two distinct critical times asso-
ciated with DQPTs, whereas the biorthogonal condition
shows only a single critical time. For comparison, we
characterize a quench between the same Floquet topolo-
gical phases with νi = νf = 0. Keeping the initial para-
meters unchanged, the evolution is governed by Uf with

ðθf1 ¼ �π=4; θf2 ¼ �5π=16Þ. As shown in Fig. 7b, the
Loschmidt rate remains smooth and the DTOPs stay at
zero, indicating the absence of DQPTs in both self-normal
and biorthogonal cases. We further investigate a quench
from νi = 0 with ðθi1 ¼ π=4; θi2 ¼ �π=2Þ to νf= −2 with

ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ in the PT-symmetry-
broken region. As shown in Fig. 7c, both the self-
normal and biorthogonal Loschmidt rates are smooth in
time and the corresponding DTOPs remain zero, which

all signals the absence of the DQPTs. All the experimental
results agree with their theoretical results, which infers
our theoretical predictions.

Discussion
In conclusion, based on the theoretical frameworks of

self-normal bases and biorthogonal bases, we have dis-
cussed the concepts of self-normal and biorthogonal
DQPTs on the non-unitary quench dynamics. To
understand these two kinds of DQPTs, we theoretically
investigate the rate functions, DTOPs, and Fisher zeros
under the distinct theoretical frameworks, respectively.
Our exploration focuses on the properties of these two
kinds of DQPTs in the one-dimensional non-Hermitian
QWs, which exist distinct topological phases in PT-
symmetry-unbroken regions.
Although the physical origins of these two kinds of

DQPTs are different, both of them can be found when the
system is quenched from distinct non-Hermitian topolo-
gical phases in the PT-symmetry-unbroken region. We
have shown that self-normal and biorthogonal DQPTs are
signified by the logarithmic divergence of the Loschmidt
rate functions at their critical times, corresponding to
integer jumps in the DTOPs. However, it appears that the
biorthogonal method has helped to preserve the system’s
symmetry in PT-symmetry-unbroken regions. This is also
an area that we need to explore further.
Furthermore, we have discussed how these two types of

DQPTs are distinguished by critical times on each line of
Fisher zeros and critical momenta with different fixed
points. We point out that the number and location of
critical momenta and critical times are different for these
two kinds of DQPTs. Finally, we present an experiment to
observe self-normal DQPTs and biorthogonal DQPTs via
discrete-time non-Hermitian QWs.

t = 1 

HWP

BBO

QWP

BD

PPBS

PBS

APD

Mirror

2
θ1)(

M

t = 4
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T

2
θ1)(R 2

θ2)(RR
2
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Fig. 6 Experimental setup. Photons are generated via spontaneous parametric down conversion in a Type-I non-linear β-barium-borate (BBO)
crystal. The initial state is prepared by passing horizontally polarized photons, filtered by a polarizing beam splitter (PBS), through a half-wave plate

(HWP) and a quarter-wave plate (QWP) with certain setting angles. The conditional shift operation T̂ is implemented using a beam displacer (BD),

while the coin operator R̂ is realized by two HWPs. The non-unitary loss operator M̂ is implemented by introducing photon loss through a sandwich-
type configuration consisting of two HWPs and a partially polarizing beam splitter (PPBS). Two types of measurements, projective and interference-
based measurements, are performed to construct the evolved state before the photons are detected by avalanche photodiodes (APDs)
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encode the coin and position states into the polarization
and spatial modes of single photons, respectively. The
conditional shift operation T̂ is implemented using a
beam displacer (BD), which transmits vertically polarized
photons directly and shifts the horizontally polarized
photons by a lateral displacement. The coin operator R̂ is
realized by two half-wave plates (HWPs). At each step, the
non-unitary loss operator M̂ is implemented by a
sandwich-type setup involving two HWPs at 22.5∘ and a
partially polarizing beam splitter (PPBS). This setup
allows photons in the polarization state j � i to be
reflected with probability l, while the remaining photons
continue to evolve under the quantum-walk dynamics.
By changing the setting angles of the wave plates to

different (θ1, θ2), the non-unitary QW can be either in the
PT-symmetry-unbroken or PT-symmetry-broken regions.
To achieve the quench process, we initialize the state of
the dynamics in the eigenstate of the initial Hamiltonian
with the parameters of (θi1; θ

i
2). Without any time delay,

the system evolves under the final Hamiltonian with the
parameters of (θf1; θ

f
2).

Regarding the self-normal DQPTs, by changing the
setting angles of the wave plates, we prepare the initial

state on a pure state jψR;i
k;�i. Afterwards, we realize the

evolution process of Û
f
using the combination of different

optical components. By experimentally measuring
hψx2ðtÞjσ̂ jjψx2ðtÞi31, we reconstruct the density matrix of
the evolved state as

ρðk; tÞ ¼ jΨR
k ðtÞihΨR

k ðtÞj

¼ 1
2

P3
j¼0

P
x1;x2

e�ikðx1�x2Þhψx2ðtÞjσ̂ jjψx1ðtÞiσ̂ j

ð16Þ

Here, σ̂ j (j= 0, x, y, z) denote the Pauli matrix, and jψxi is
the coin state on site x at the tth step. We then obtain
LES

kðtÞ ¼ Tr ½ρðk; 0Þρðk; tÞ�=Tr ½ρðk; tÞ�. By applying this
result to Eq. (5), we derive the self-normal Loschmidt rate.
The vectors of the evolved state jΨR

k ðtÞi can also be
extracted from the reconstructed density matrix ρ(k, t).
This allows us to determine the self-normal DTOPs (see
Sec. S3 of the Supplementary Material).
In the context of biorthogonal DQPTs, we reconstruct

both the right and left eigenstates, j~ψR;i
k;�i and j~ψL;i

k;�i, of the
initial Hamiltonian. Using the experimentally measured
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QWs with self-normal bases (a) and with biorthogonal bases (b),
respectively. DTOPs of ν(t) as a function of time in non-unitary QWs for
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.
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�

�� �
of Û
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with the coin

parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and the QWs are governed by the

final Floquet operator Û
f
with ðθf1 ¼ �π=2; θf2 ¼ ðπ � ξÞ=2Þ. All

quantities are unitless
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f
with ðθf1 ¼

�ðπ � ξÞ=2; θf2 ¼ π=2Þ. All quantities are unitless
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Materials and methods
Self-normal Fisher zeros and fixed points
Similar to the disappearance of the partition function at

equilibrium phase transitions, the lines of self-normal
Fisher zeros here are determined by the vanishing of the
self-normal Loschmidt echo, i.e., LES

kðtÞ ¼ 0. This con-
dition signifies a complete destructive interference
between the initial and time-evolved states. The self-
normal Fisher zeros2,50,51 can be derived as follows:

hψR;i
k;�jΨR

k ðtÞi ¼ 0

) cos Ef
kt

� �
� i sinðEktÞAS

k ¼ 0

) zSk ¼ 1
2Ef

k

lnð�1Þ þ 1
2Ef

k

ln 1þAS
k

1�AS
k

� � ð18Þ

Thus, we can arrive at the expression for the self-normal
Fisher zeros zSn;k , which is detailed as follows:

zSn;k ¼ i nþ 1
2

� �
π

Ef
k

þ 1

Ef
k

tanh�1 AS
k

� �
ð19Þ

where n is an integer. Meanwhile, AS
k ¼ aSkþ � aSk� with

aSk;þ ¼ hψR;i
k;�j~ψR;f

k;þih~ψL;f
k;þjψR;i

k;�i and aSk;� ¼ hψR;i
k�j~ψR;f

k;�i
h~ψL;f

k;�jψR;i
k;�i when the system is quenched between

different topological phases in the PT-symmetry-
unbroken region, self-normal fixed points52 with aSk;þ ¼
0 and those with aSk;� ¼ 0 always emerge in pairs. Since

AS
k are continuous functions of kSm, there must be at least

one critical momentum satisfying aSk;þ ¼ aSk;� between

two fixed points of different kinds.

Biorthogonal Fisher zeros and fixed points
Similarly, the lines of biorthogonal Fisher zeros are

given by the biorthogonal Loschmidt echo, i.e., LEB
k ðtÞ ¼

0. From Eq. (9), one can obtain the biorthogonal Fisher
zeros as follows:

h~ψL;i
k;�j ~Ψ

R
k ðtÞi ¼ 0

) cos Ef
kt

� �
� i sin Ef

kt
� �

AB
k ¼ 0

) zBk ¼ 1
2Ef

k

lnð�1Þ þ 1
2Ef

k

ln 1þAB
k

1�AB
k

� � ð20Þ

Hence, the line of biorthogonal Fisher zeros zBn;k is given
by

zBn;k ¼ i nþ 1
2

� �
π

Ef
k

þ 1

Ef
k

tanh�1 AB
k

� �
ð21Þ

Here n is an integer. AB
k ¼ aBk;þ � aBk;� with aBk;þ ¼

h~ψL;i
k;�j~ψR;f

k;þih~ψL;f
k;þj~ψR;i

k;�i and aBk;� ¼ h~ψL;i
k;�j~ψR;f

k;�ih~ψL;f
k;�j~ψR;i

k;�i.

When the system is quenched between different topological
phases in the PT-symmetry-unbroken region, biorthogonal
fixed points with aBk;þ ¼ 0 and those with aBk;� ¼ 0 always

emerge in pairs. Since AB
k are continuous functions of kBm,

there must be at least one critical momentum satisfying
aBk;þ ¼ aBk;� between two fixed points of different kinds.
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The self-normal and biorthogonal frameworks offer
distinct yet complementary insights into the none-
quilibrium dynamics of non-Hermitian systems. In
particular, our simultaneous observation of both types
of DQPTs highlights the versatility of QWs and our
photonics platform for exploring rich dynamical beha-
vior that goes beyond the Hermitian paradigm. Fur-
thermore, when starting from a known topological
phase, the emergence of these two types of DQPTs
under quench dynamics serves as a powerful tool for
identifying and characterizing topological phase
boundaries in non-Hermitian systems46. Their

sensitivity to initial conditions and system parameters
across different phases also opens promising avenues for
enhanced control in quantum simulation and precision
quantum sensing47–49. Looking forward, the joint
observation of self-normal and biorthogonal DQPTs
paves the way for systematic studying their interrela-
tions and evaluating their robustness against disorder,
decoherence, and interactions. It also inspires further
extensions to higher-dimensional non-Hermitian mod-
els, thereby expanding the landscape of dynamical
quantum phase transitions in complex quantum
systems.
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Fig. 7 Experimental results. Measured Loschmidt rate LR(t) and DTOPs of νm(t) as functions of time for QWs governed by Ûf with a ðθf1 ¼
�π=3; θf2 ¼ π=5Þ (νf =−2) and b ðθf1 ¼ �π=4; θf2 ¼ �5π=16Þ (νf = 0) in the PT-symmetry-unbroken region, respectively. c Loschmidt rate and

DTOPs of the QW governed by Ûf with ðθf1 ¼ �π=2; θf2 ¼ π � ξ=2Þ in the PT-symmetry-broken region. The initial state of the QWs is j0i � jψi
�i,

corresponding to the ground eigenstate of Ûi with coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and νi = 0. The loss parameter is fixed at l = 0.36.
Theoretical predictions are shown by lines, and corresponding experimental results are shown by symbols. Error bars indicate the statistical
uncertainty, which is obtained based on assuming Poissonian statistics
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Materials and methods
Self-normal Fisher zeros and fixed points
Similar to the disappearance of the partition function at

equilibrium phase transitions, the lines of self-normal
Fisher zeros here are determined by the vanishing of the
self-normal Loschmidt echo, i.e., LES

kðtÞ ¼ 0. This con-
dition signifies a complete destructive interference
between the initial and time-evolved states. The self-
normal Fisher zeros2,50,51 can be derived as follows:

hψR;i
k;�jΨR

k ðtÞi ¼ 0

) cos Ef
kt

� �
� i sinðEktÞAS

k ¼ 0

) zSk ¼ 1
2Ef

k

lnð�1Þ þ 1
2Ef

k

ln 1þAS
k

1�AS
k

� � ð18Þ

Thus, we can arrive at the expression for the self-normal
Fisher zeros zSn;k , which is detailed as follows:

zSn;k ¼ i nþ 1
2

� �
π

Ef
k

þ 1

Ef
k

tanh�1 AS
k

� �
ð19Þ

where n is an integer. Meanwhile, AS
k ¼ aSkþ � aSk� with

aSk;þ ¼ hψR;i
k;�j~ψR;f

k;þih~ψL;f
k;þjψR;i

k;�i and aSk;� ¼ hψR;i
k�j~ψR;f

k;�i
h~ψL;f

k;�jψR;i
k;�i when the system is quenched between

different topological phases in the PT-symmetry-
unbroken region, self-normal fixed points52 with aSk;þ ¼
0 and those with aSk;� ¼ 0 always emerge in pairs. Since

AS
k are continuous functions of kSm, there must be at least

one critical momentum satisfying aSk;þ ¼ aSk;� between

two fixed points of different kinds.

Biorthogonal Fisher zeros and fixed points
Similarly, the lines of biorthogonal Fisher zeros are

given by the biorthogonal Loschmidt echo, i.e., LEB
k ðtÞ ¼

0. From Eq. (9), one can obtain the biorthogonal Fisher
zeros as follows:

h~ψL;i
k;�j ~Ψ

R
k ðtÞi ¼ 0

) cos Ef
kt

� �
� i sin Ef

kt
� �

AB
k ¼ 0

) zBk ¼ 1
2Ef

k

lnð�1Þ þ 1
2Ef

k

ln 1þAB
k

1�AB
k

� � ð20Þ

Hence, the line of biorthogonal Fisher zeros zBn;k is given
by

zBn;k ¼ i nþ 1
2

� �
π

Ef
k

þ 1

Ef
k

tanh�1 AB
k

� �
ð21Þ

Here n is an integer. AB
k ¼ aBk;þ � aBk;� with aBk;þ ¼

h~ψL;i
k;�j~ψR;f

k;þih~ψL;f
k;þj~ψR;i

k;�i and aBk;� ¼ h~ψL;i
k;�j~ψR;f

k;�ih~ψL;f
k;�j~ψR;i

k;�i.

When the system is quenched between different topological
phases in the PT-symmetry-unbroken region, biorthogonal
fixed points with aBk;þ ¼ 0 and those with aBk;� ¼ 0 always

emerge in pairs. Since AB
k are continuous functions of kBm,

there must be at least one critical momentum satisfying
aBk;þ ¼ aBk;� between two fixed points of different kinds.

Acknowledgements
This work is supported by the National Key R&D Program of China (Grant No.
2023YFA1406701) and National Natural Science Foundation of China (Grants
No. 12025401, 92265209, 12474352, 92476106, and 12088101). Kunkun Wang
and Lei Xiao acknowledge support from Beijing National Laboratory for
Condensed Matter Physics (No. 2024BNLCMPKF010). We thank J. J. Dong and
Z. X. Hu for helpful discussions.

Author details
1Beijing Computational Science Research Center, Beijing 100193, China.
2School of Physics and Optoelectronic Engineering, Anhui University, Hefei
230601, China. 3Key Laboratory of Quantum Materials and Devices of Ministry
of Education, School of Physics, Southeast University, Nanjing 211189, China

Author contributions
H.Z. developed the theoretical proposal and wrote part of the paper with the
help of K.W. and L.X. K.W. performed the experiment, analyzed the
experimental data, and wrote part of the paper. P.X. supervised the project and
wrote part of the paper.

Data availability
Any related background information, data and code not mentioned in the text
and other findings of this study are available from the corresponding author
upon reasonable request.

Conflict of interest
The authors declare no competing interests.

Supplementary information The online version contains supplementary
material available at https://doi.org/10.1038/s41377-025-01919-6.

Received: 2 December 2024 Revised: 29 May 2025 Accepted: 8 June 2025

References
1. Fisher, M. E. The theory of equilibrium critical phenomena. Rep. Prog. Phys. 30,

615 (1967).
2. Yang, C. N. & Lee, T. D. Statistical theory of equations of state and phase

transitions. I. Theory of condensation. Phys. Rev. 87, 404–409 (1952).
3. Heyl, M., Polkovnikov, A. & Kehrein, S. Dynamical quantum phase transitions in

the transverse-field Ising model. Phys. Rev. Lett. 110, 135704 (2013).
4. Heyl, M. Scaling and universality at dynamical quantum phase transitions. Phys.

Rev. Lett. 115, 140602 (2015).
5. Vajna, S. & Dóra, B. Disentangling dynamical phase transitions from equili-

brium phase transitions. Phys. Rev. B 89, 161105 (2014).
6. Modak, R. & Rakshit, D. Many-body dynamical phase transition in a quasi-

periodic potential. Phys. Rev. B 103, 224310 (2021).
7. Halimeh, J. C. & Zauner-Stauber, V. Dynamical phase diagram of quantum spin

chains with long-range interactions. Phys. Rev. B 96, 134427 (2017).
8. Abdi, M. Dynamical quantum phase transition in Bose-Einstein condensates.

Phys. Rev. B 100, 184310 (2019).
9. Syed, M., Enss, T. & Defenu, N. Dynamical quantum phase transition in a

bosonic system with long-range interactions. Phys. Rev. B 103, 064306
(2021).

10. Zamani, S., Jafari, R. & Langari, A. Floquet dynamical quantum phase transition
in the extended XY model: nonadiabatic to adiabatic topological transition.
Phys. Rev. B 102, 144306 (2020).

Zhang et al. Light: Science & Applications ���������(2025)�14:253� Page 10 of 11

The self-normal and biorthogonal frameworks offer
distinct yet complementary insights into the none-
quilibrium dynamics of non-Hermitian systems. In
particular, our simultaneous observation of both types
of DQPTs highlights the versatility of QWs and our
photonics platform for exploring rich dynamical beha-
vior that goes beyond the Hermitian paradigm. Fur-
thermore, when starting from a known topological
phase, the emergence of these two types of DQPTs
under quench dynamics serves as a powerful tool for
identifying and characterizing topological phase
boundaries in non-Hermitian systems46. Their

sensitivity to initial conditions and system parameters
across different phases also opens promising avenues for
enhanced control in quantum simulation and precision
quantum sensing47–49. Looking forward, the joint
observation of self-normal and biorthogonal DQPTs
paves the way for systematic studying their interrela-
tions and evaluating their robustness against disorder,
decoherence, and interactions. It also inspires further
extensions to higher-dimensional non-Hermitian mod-
els, thereby expanding the landscape of dynamical
quantum phase transitions in complex quantum
systems.
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Fig. 7 Experimental results. Measured Loschmidt rate LR(t) and DTOPs of νm(t) as functions of time for QWs governed by Ûf with a ðθf1 ¼
�π=3; θf2 ¼ π=5Þ (νf =−2) and b ðθf1 ¼ �π=4; θf2 ¼ �5π=16Þ (νf = 0) in the PT-symmetry-unbroken region, respectively. c Loschmidt rate and

DTOPs of the QW governed by Ûf with ðθf1 ¼ �π=2; θf2 ¼ π � ξ=2Þ in the PT-symmetry-broken region. The initial state of the QWs is j0i � jψi
�i,

corresponding to the ground eigenstate of Ûi with coin parameters ðθi1 ¼ π=4; θi2 ¼ �π=2Þ and νi = 0. The loss parameter is fixed at l = 0.36.
Theoretical predictions are shown by lines, and corresponding experimental results are shown by symbols. Error bars indicate the statistical
uncertainty, which is obtained based on assuming Poissonian statistics
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Long-propagating ghost phonon polaritons
enabled by selective mode excitation
Manuka Suriyage 1, Qingyi Zhou2, Hao Qin1, Xueqian Sun1, Zhuoyuan Lu1, Stefan A. Maier 3,4, Zongfu Yu 2✉ and
Yuerui Lu 1,5✉

Abstract
The ability to precisely control the excitation of phonon polaritons (PhPs) provides unique opportunities for various
nanophotonic applications, such as on-chip optical communication, quantum information processing, and controlled
thermal radiation. Recently, ghost hyperbolic phonon polaritons (g-HPs) have been discovered, which exhibit in-plane
hyperbolic dispersion on the surface and oblique wavefronts in the bulk. These g-HPs exhibit long-range, ray-like
propagation, which is highly desirable. However, selective excitation of polaritonic modes and flexible control over the
directionality of g-HPs remains an open problem. In this work, we experimentally demonstrate that changing the
shape of the launching micro/nano antenna allows for control over the polariton mode excitation. Using a single
asymmetric triangular gold antenna fabricated on a calcite crystal surface, we showcase highly directional g-HP
excitation through selectively exciting desirable polariton modes. Our near-field imaging experiments verify that the
g-HP excited by the triangular antenna can propagate over 80 microns, which is consistent with our numerical
predictions. Overall, by combining g-HP theory with structural engineering, our work has further developed the
potential of such anisotropic materials, enabling unexpected control over g-HPs, thus opening opportunities for
various applications in mid-IR optoelectronics.

Introduction
Optical anisotropy is a phenomenon where the dielec-

tric permittivity varies in different directions, resulting in
polarized light propagating with distinct velocities and
wavelengths along different crystal axes1–3. In such crys-
tals with strong material anisotropy, a huge difference in
the refractive index along orthogonal axes can be
observed4. In some cases, the permittivity tensor can
become negative within a spectral range, allowing for the
excitation of surface polaritons5. Natural crystals can be
used to produce hyperbolic phonon polaritons if the
permittivity tensor elements have opposite signs in prin-
cipal axes εtεz < 0ðεt ¼ εx ¼ εy denote the in-plane com-
ponents, εz denotes the vertical component). In such

systems, the isofrequency curve of light is an open
hyperbola5. Numerous materials supporting both in-plane
and out-of-plane hyperbolic polaritons have been inves-
tigated6. These include van der Waals thin films2,7 with a
single optical axis, crystallize in hexagonal8,9, trigonal10,
and tetragonal11 systems, as well as biaxial materials with
two optical axes, found in orthorhombic12,13, mono-
clinic14, and triclinic materials. Two main types of
hyperbolic polaritons, namely volume-confined hyper-
bolic polaritons15 and surface-confined hyperbolic polar-
itons16, have been investigated17. Most recently, g-HPs18

were discovered, which exhibits in-plane hyperbolic dis-
persion on the surface of a polar uniaxial crystal as well as
oblique wave fronts in the bulk, similar to recently pre-
dicted ghost waves19. Due to the oblique crystal lattice
and the ability to control the optical axis angle with
respect to the material surface (through mechanically
cutting and polishing the sample), calcite enables precise
control of its polaritonic response.
Control over the excitation and propagation of phonon

polaritons allow useful opportunities for many nanophotonic
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